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1 RESEARCH BACKGROUND

1

mmWave and massive MIMO together is key to the 5/6th 
generation (5G, 6G) wireless communications 

mmWave Massive MIMO

Hybrid Beamforming

Tens of GigaHertz of spectrum bands 
are available in the range of 30-300 
GHz and have the potential for future 
eMBB service.

The large array gain of massive 
MIMO can compensate the severe 
path loss of the mmWave through 
directional beamforming.

uFully-digital beamforming schemes would require too many RF chains, 
resulting in high cost and high power consumption.

uHybrid beamforming has been proposed to reap the great gain of massive 
MIMO with a moderate number of RF chains 
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2

uFor hybrid beamforming, BS deploys a 
Phase Shifter Network (PSN) 𝚽 ∈
ℂ𝑲×𝑴 between the 𝐊 RF chains and an 
antenna array (e.g. a 𝐌-element ULA)

𝝓 $% = 1 ∠𝝓 $% ∈ 0,2𝜋

uThere would be distinct unknown 
phase deviation of each shifter due to 
the time or temperature change

uThe actual phase of PSN is 𝚽⊙𝐖(𝛀)

𝑤$% = 𝑒&'!" ∠𝜔$% ∈ 0,2𝜋

RESEARCH BACKGROUND

uCalibration of PSN is necessary for the effective hybrid beamforming

uThe core of PSN calibration is the estimation of the phase deviations

uCalibration should be done online and over the air



2 SYSTEM MODEL: Calibration Steps

uK : Number of RF chains

uM: Number of antenna elements

uL: Number of UEs involved for 
calibration 

uN : Number of PSN beamformer

Involved UEs send training 
sequence via different orthogonal 
channels (e.g. sub-carriers)

BS use multiple PSN (analog) 
beamformers to receive the 
training signals from all involved 
UEs 

BS measure the received signals 
and use it to estimate the PSN 
phase deviations 

BS use the phase deviation 
estimates to calibrate the PSN 

3



2 SYSTEM MODEL: Signal Notations

4

𝑎 𝜃 = 1, 𝑒!
"#$%&'( )

* , 𝑒!
"+$%&'( )

* , … , 𝑒!
"# ,!- %&'( )

*

uSteering vector of a M-element ULA

uPhase deviation matrix 𝐖(𝛀) ∈ ℂ(×)

𝑤$% = 𝑒&'!"

uLOS channel of the l-th user at 𝜃*:

ℎ* = 𝛾*𝑎(𝜃*)
uPSN beamformer 𝚽𝐧 ∈ ℂ(×)

𝝓𝒏
$% = 1 ∠𝝓𝒏

$% ∈ 0,2𝜋

uEffective channel of the l-th user:

ℎ-,/00
(*) = 𝐖⊙𝚽- 𝑎 𝜃* 𝛾* ∈ ℂ(×3

uMeasure the Effective channel:

𝑦-
(*) = ℎ-,/00

(*) + 𝑧* ∈ ℂ(×3

uK : Number of RF chains

uM: Number of antenna elements

uL: Number of UEs involved for 
calibration 

uN : Number of PSN (analog) beamformer



2 SYSTEM MODEL: Matrix Form

Define
𝐀 𝚯 = [𝑎 𝜃3 , 𝑎 𝜃4 , … 𝑎(𝜃*)] ∈ ℂ)×5

𝚪 = 𝑑𝑖𝑎𝑔 𝛾3, 𝛾4, 𝛾6, … , 𝛾* ∈ ℂ5×5

Measurements of all L user when BS 
applying PSN training beamformer 𝚽𝐧

𝐘𝐧 = 𝐖⊙𝚽𝐧 𝐀 𝚯 𝚪 + 𝐙𝐧ℂ(×5

Stack

𝚽 =

𝚽3
𝚽4
𝚽6
⋮
𝚽𝒏

ℂ7(×) and 𝐙 =

𝐙3
𝐙4
𝐙6
⋮
𝐙𝒏

ℂ7(×5

All Measurements is given by:

𝐘 = )1𝐍⊗𝐖(𝛀 ⊙𝚽 𝐀 𝚯 𝚪 + 𝐙 ∈ ℂ7(×5

5



2 SYSTEM MODEL: Estimation Program

u Phase Deviation Estimation Program

!𝛀 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

s. t. 𝑤() = 1 for 𝑘 = 1⋯𝐾;𝑚 = 1,⋯𝑀

A non-convex tri-variables program with unimodular constraints

6

We can optimize the three matrices in an alternating manner to minimize 
the objective function 



3 ALGORITHM
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!𝛀, !𝚯, A𝚪 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

u Step1: Estimation of channel gain matrix 𝚪

Given M𝚯, M𝛀, diagonal matrix 𝚪 can be 
estimated as by the least-square root

where

#𝛾) =
𝒃𝒍
𝑯𝒚𝒍
𝒃𝒍
𝑯𝒃𝒍

,

𝒃𝒍 = 1𝑵⊗𝐖 ⊙𝚽 𝒂 𝜽𝒍 ∈ ℂ./×1

Complexity: 𝐎(𝑳)



3 ALGORITHM
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!𝛀, !𝚯, A𝚪 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

u Step2: Estimation of user direction 𝚯

Given M𝚪, M𝛀, 𝚯 can be estimated separately by 1-D search since each 
direction is independent:

where
𝜃) = argmin 𝒚𝒏 − 𝐐𝑎 𝜃) 3

3

𝐐 = 𝜸𝒍[(1𝑵⊗𝐖)]⊙𝚽 ∈ ℂ./×4

We can adapt FFT to estimate 𝜃*, due to the special structure of 𝑎 𝜃*

2 ways to obtain more accurate estimates:
• Use large-length FFTs (by padding zeros)
• Use moderate-length FFTs and some local search algorithms such 

as the back-tracking line search algorithm (more efficient)

Complexity: 𝐎(𝑳𝑴 log(𝑴))



3 ALGORITHM
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!𝛀, !𝚯, A𝚪 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

u Step3: Estimation of phase deviation 𝐖(𝛀)

Given M𝚪,M𝚯, each row of 𝐖 can be estimate separately. 
Take the k-th row of each 𝐘𝐧 and 𝚽𝐧 and stack:

Then, we have K quadratic sub-programs:

where 𝒴$ = vec X𝐘$ ∈ ℂ75×3, 𝐑$ = 𝐀 M𝚯 𝚪 9 ∗ [𝚽$ ∈ ℂ75×)

These programs are hard due to the unimodular constraints: 𝒘𝒌𝒎 = 𝟏

X𝐘𝒌 ≜

𝐘3 𝒌, :
𝐘4 𝒌, :

⋮
𝐘𝑵 𝒌, :

ℂ7×) and [𝚽𝒌 ≜

𝚽3 𝒌, :
𝚽4 𝒌, :

⋮
𝚽𝑵 𝒌, :

ℂ7×)

min
= >,:

X𝐘$ − 17⨂ M𝐖 𝑘, : ⨀[𝚽$ 𝐀 M𝚯 𝚪
@

4
= min

= >,:
𝒴$ − 𝐑$ M𝐖 𝑘, : 9

4

4



3 ALGORITHM
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u Rewrite into a UQP 

min
= >,:

X𝐘$ − 17⨂ M𝐖 𝑘, : ⨀[𝚽$ 𝐀 M𝚯 𝚪
@

4
= min

= >,:
𝒴$ − 𝐑$ M𝐖 𝑘, :

9

4

4

u Solve the UQP: Power Method 

Rewrite into a standard Unimodular 
Quadratic Program (UQP) :

where

max
𝐯 #

𝐯 6 7
𝐔6 𝐯 6

s. t. 𝑣8
6 = 1

for 𝑖 = 1,2,⋯ ,𝑀 + 1

𝐔. =
−𝐑./𝐑. 𝐑.𝒴.
𝒴./𝐑. 0

and

𝐯 . = 𝑒"0 A𝐖 𝑘, :
1

𝑒"0
𝜉 ∈ [0, )2𝜋

Ref: M. Soltanalian and P. Stoica, “Designing unimodular codes via quadratic optimization,”IEEE Transactions on Signal Processing, vol. 62, 
No. 5,pp. 1221–1234, March 2014.

Power method is an efficient
convergent descent algorithm to 
find local optimum for UQP:

Iterations:

𝐯*+,
(() = 𝑒/ 012(𝑼!𝐯"

(!) )



3 ALGORITHM: Summary
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u Low complexity

• Estimation of 𝚪: closed form

• Estimation of 𝚯: FFTs

• Estimation of 𝐖: Efficient 
Power Method

• Fast convergence: about 20 
iterations (Numerical results)

u Convergence

• Each step is monotonically 
decreasing

• The problem is bounded

Step1

Step2

Step3

Step4: 
Repeat 1-3 until convergence



4 PERFORMANCE ANALYSIS
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u Cramer-Rao Bound (CRLB)

Define:
𝜼 ≜ 𝛀9, 𝚯9, Re 𝜸9 , Im 𝜸9 9 ∈ ℝ)(A65B4
where
𝛀 = 𝜔43, ⋯ , 𝜔(3, 𝜔34, ⋯ , 𝜔(4, ⋯ , 𝜔3), ⋯ , 𝜔() ∈ ℝ)(B3
𝚯 = 𝜃4, 𝜃6, ⋯ , 𝜃5 ∈ ℝ5B3
𝜸 = 𝛾4, 𝛾6, ⋯ , 𝛾5 ∈ ℝ5

Fisher information matrix (FIM):
𝐅 = 4

C#$
∑-D37 Re E𝝁%& 𝜼

E𝜼
E𝝁% 𝜼
E𝜼

where
𝝁- = 𝐈(⨂ 𝚪9𝐀9 𝚯 𝒟 𝐰HIJ𝚽HIJ

- ∈ ℂ(5×3

Compute different parts of 𝝏𝝁𝒏 𝜼
𝝏𝜼

:
𝜕𝝁- 𝜼
𝜕𝜼 =

𝜕𝝁- 𝜼
𝜕𝛀 ,

𝜕𝝁- 𝜼
𝜕𝚯 ,

𝜕𝝁- 𝜼
𝜕Re 𝜸 ,

𝜕𝝁- 𝜼
𝜕Im 𝜸 ∈ ℂ(5× )(A65B4



4 PERFORMANCE ANALYSIS
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u Fisher information
𝜕𝝁! 𝜼
𝜕𝛀 = 𝑗 𝐈"⨂ 𝚪#𝐀# 𝚯 𝒟 𝚽$%&

! × 𝒟 𝐰$%& : , 2: 𝐾𝑀 ∈ ℂ"'× )"*+

𝜕𝝁! 𝜼
𝜕𝚯 = 𝑗𝜋

𝐈"⨂

0)#

𝛾,𝒂# 𝜃, 𝐃-!
0)#
⋮
0)#

𝒟 𝚽$%&
! 𝐰$%&, 𝐈"⨂

0)#

0)#

𝛾.𝒂# 𝜃. 𝐃-"
⋮
0)#

𝒟 𝚽$%&
! 𝐰$%&,

⋯ , 𝐈"⨂

0)#

0)#
⋮
0)#

𝛾'𝒂# 𝜃' 𝐃-#

𝒟 𝚽$%&
! 𝐰$%&

∈ ℂ"'× '*+

𝜕𝝁! 𝜼
𝜕𝚯 = 𝑗𝜋

𝐈"⨂

0)#

𝛾,𝒂# 𝜃, 𝐃-!
0)#
⋮
0)#

𝒟 𝚽$%&
! 𝐰$%&, 𝐈"⨂

0)#

0)#

𝛾.𝒂# 𝜃. 𝐃-"
⋮
0)#

𝒟 𝚽$%&
! 𝐰$%&,

⋯ , 𝐈"⨂

0)#

0)#
⋮
0)#

𝛾'𝒂# 𝜃' 𝐃-#

𝒟 𝚽$%&
! 𝐰$%&

∈ ℂ"'× '*+

𝜕𝝁! 𝜼
𝜕Im 𝜸 = 𝑗

𝜕𝝁! 𝜼
𝜕Re 𝜸



4 PERFORMANCE ANALYSIS
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u Fisher information

The Fisher information of 𝜔$% $D3,%D3
(,) based on the observation Y is the first 

KM−1 diagonal elements of the FIM, which is 

A more accurate estimates may be obtained via a larger number of 
measurements (PSN beamformer)

u Cramer-Rao Lower Bound

ℐ 𝜔6K =
2𝑁
𝜎L3

𝛾) 3

CM = 𝐅N1

The first KM-1 diagonal elements of 𝐶L can be then used as the lower bound 
to the variances of our estimations 𝛀.

The CRLB matrix can be obtained by the inverse of the FIM:



4 PERFORMANCE ANALYSIS
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u Minimum of required number of measurements

Counting the degrees of freedom (DOF) of the variables :

The number of observations in the matrix Y is 2KNL. To ensure that the phase 
deviation is estimable we need to have 

Hence, the lower bound of N is
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Number of UEs

1
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4
5
6
7
8
9
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Log of the smallest eigenvalue in FIM

-14

-12

-10

-8

-6

-4
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0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Number of UEs

1
2
3
4
5
6
7
8
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16
17
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20
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24
25
26
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28
29
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N
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ts

sgn(KNL - 2MK -3L +2)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Blue pixels:
2𝐾𝑁𝐿 −𝑀𝐾 − 3𝐿 + 2 < 0

Red pixels：
2𝐾𝑁𝐿 −𝑀𝐾 − 3𝐿 + 2 ≥ 0

Number of 
antennas (M)

Number of RF 
chains (K)

Number of PSN 
beamformer (N)

Number of UEs 
(L)

Channel gain UE distribution

32 4 1-32 1-16 Random Phase Uniform between 
(0,pi)
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12 14 16 20 24 28 32 40 48 52 56 60 64
Number of measurements

10-2

10-1

100

101

102

103

104

M
ea

n 
sq

ua
re

d 
er

ro
r

CRLB M=16
Algo. M=16
CRLB M=32
Algo. M=32
CRLB M=64
Algo. M=64

Number of 
antennas (M)

Number of RF 
chains (K)

Number of PSN 
beamformer (N)

Number of UEs 
(L)

Channel gain UE distribution Measurement 
SNR (dB)

16,32,64 M/8 12-64 4 Random Phase Uniform 
between (0,pi) 20

uThe lower bound of number of 
PSN beamformer guarantee the 
problem to be estimable, but do 
not ensure it reach the CRLB. 
(local optimum)

uWhen the number of beamformer 
large enough, (e.g. slightly less 
than M), the estimates will close 
to CRLB. (global optimum)

Threshold effect
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0 5 10 15 20 25 30 35 40
SNR (dB)

10-3

10-2

10-1

100

101

102

103

M
ea

n 
sq

ua
re

d 
er

ro
r

CRLB M=16
Algo. M=16
CRLB M=32
Algo. M=32
CRLB M=64
Algo. M=64

Number of 
antennas (M)

Number of RF 
chains (K)

Number of PSN 
beamformer (N)

Number of UEs 
(L)

Channel gain UE distribution Measurement 
SNR (dB)

16,32,64 M/8 M 4 Random Phase Uniform 
between (0,pi)

0,10,20,30,40

uThe phase deviation estimates 
are close to the CRLB even 
when measurement SNR is very 
low.
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  0.5

  1

  1.5

30

210

60

240

90

270

120

300

150

330

180 0

Ideal
Without calibration
After calibration SNR=20 dB
After calibration SNR=40 dB

Number of 
antennas (M)

Number of RF 
chains (K)

Number of PSN 
beamformer (N)

Number of UEs 
(L)

Channel gain UE distribution Measurement 
SNR (dB)

32 2 32 4 Random Phase Uniform 
between (0,pi) 20,40

uThe beam pattern is significantly 
improved.



6 Extend to non-LOS Channel Model
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𝑎 𝜃 = 1, 𝑒!
"#$%&'( )

* , 𝑒!
"+$%&'( )

* , … , 𝑒!
"# ,!- %&'( )

*

uSteering vector of a M-element ULA

uPhase deviation matrix 𝐖(𝛀) ∈ ℂ(×)

𝑤$% = 𝑒&'!"

uNon-LOS channel of the l-th user 

ℎ* =v
M

N(

𝛾*
M 𝑎(𝜃*

(M))

uPSN beamformer 𝚽𝐧 ∈ ℂ(×)

𝝓𝒏
$% = 1 ∠𝝓𝒏

$% ∈ 0,2𝜋

uEffective channel of the l-th user:

ℎ-,/00
(*) = 𝐖⊙𝚽- v

M

N(

𝛾*
M 𝑎(𝜃*

(M))

uMeasure the Effective channel:

𝑦-
(*) = ℎ-,/00

(*) + 𝑧*

uK : Number of RF chains

uM: Number of antenna elements

uL: Number of UEs involved for 
calibration 

uN : Number of PSN (analog) beamformer
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Define

Measurements of all L users when BS 
applying PSN training beamformer 𝚽𝐧

𝐘𝐧 = 𝐖⊗𝚽𝐧 𝐀 𝚯 𝚪 + 𝐙𝐧ℂ(×5

Stack

𝚽 =

𝚽3
𝚽4
𝚽6
⋮
𝚽𝒏

ℂ7(×) and 𝐙 =

𝐙3
𝐙4
𝐙6
⋮
𝐙𝒏

ℂ7(×5

All Measurements of L users when 
applying all N PSN training 
beamformers are given by:

𝐘 = )1𝐍⊗𝐖(𝛀 ⊙𝚽 𝐀 𝚯 𝚪 + 𝐙 ∈ ℂ7(×5

21

Extend to non-LOS Channel Model



6 Extend to non-LOS Channel Model

u Phase deviation Estimation Program

!𝛀 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

s. t. 𝑤() = 1 for 𝑘 = 1⋯𝐾;𝑚 = 1,⋯𝑀

A non-convex tri-variable program with unimodular constraints

22

We can optimize the three matrices in an alternating manner to minimize 
the objective function 



6 Extend to non-LOS Channel Model
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!𝛀, !𝚯, A𝚪 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

u Joint Estimation of Multipath Channel Parameters  𝚯, 𝚪

Given M𝐖, channel parameters for the L users can be estimated separately. 
Recall：

𝜸𝒍 = 𝛾*
3 , 𝛾*

4 , ⋯ , 𝛾*
(N() 9 , 𝜽𝒍 = 𝜃*

(3), 𝜃*
(4), ⋯ , 𝜃*

(N() 9 ℎ* = ∑M
N( 𝛾*

M 𝑎(𝜃*
(M))

Define

Concentrate out x𝛾*



6 Extend to non-LOS Channel Model
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!𝛀, !𝚯, A𝚪 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

Estimation of yΘ*

u Joint Estimation of Multipath Channel Parameters  𝚯, 𝚪

If 𝑑* = 1, Θ* becomes a scalar 𝜃*
(3), we can use an 1-D search to estimate it

FFT to compute
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!𝛀, !𝚯, A𝚪 = arg min
𝛀,𝚯,𝚪

𝒀 − 1𝑵⊗𝐖 𝛀 ⊙𝚽 𝐀 𝚯 𝚪 &
'

u Joint Estimation of Multipath Channel Parameters  𝚯, 𝚪
Assume 𝑑* = 1
Obtain {𝜃*

(3)

Set 
𝚯*
(3) = { {𝜃*

(3)}

Estimate {𝜃*
(4) via (28) 

Estimate {𝜃*
(6) via (28) 

Assume 𝑑* = 2, Set 
𝚯*
(4) = { {𝜃*

(3), {𝜃*
(4)}

Assume 𝑑* = 3, Set 
𝚯*
(6) = { {𝜃*

3 , {𝜃*
4 , {𝜃*

(6)}
…

FFT to compute



6 Extend to non-LOS Channel Model
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u Cramer-Rao Bound (CRLB)

Define:
𝜼 ≜ 𝛀9, 𝚯9, Re 𝜸9 , Im 𝜸9 9 ∈ ℝ)(A65B4
where
𝛀 = 𝜔43, ⋯ , 𝜔(3, 𝜔34, ⋯ , 𝜔(4, ⋯ , 𝜔3), ⋯ , 𝜔() ∈ ℝ)(B3

𝚯 = 𝜃3
4 ⋯𝜃3

(N)), 𝜃4
3 , ⋯ 𝜃4

(N$), 𝜃6
(3), ⋯ , 𝜃5

(N*) ∈ ℝN)AN$A⋯AQ*B3

𝜸 = 𝛾3
(3), ⋯ , 𝛾3

(N)), 𝛾4
3 , ⋯ , 𝛾4

(N$), 𝛾6
3 ⋯ , 𝛾5

(N*) ∈ ℝN)AN$A⋯N*

Fisher information matrix (FIM):
𝐅 = 4

C#$
∑-D37 Re E𝝁%& 𝜼

E𝜼
E𝝁% 𝜼
E𝜼

where
𝝁- = 𝐈(⨂ 𝚪9𝐀9 𝚯 𝒟 𝐰HIJ𝚽HIJ

- ∈ ℂ(5×3

Compute different parts of 𝝏𝝁𝒏 𝜼
𝝏𝜼

:
𝜕𝝁- 𝜼
𝜕𝜼

=
𝜕𝝁- 𝜼
𝜕𝛀

,
𝜕𝝁- 𝜼
𝜕𝚯

,
𝜕𝝁- 𝜼
𝜕Re 𝜸

,
𝜕𝝁- 𝜼
𝜕Im 𝜸

∈ ℂ(5× )(A6(N)A⋯AN*)B4
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u Fisher information
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Number of 
antennas (M)

Number of RF 
chains (K)

Number of PSN 
beamformer (N)

Number of UEs 
(L)

Channel model UE distribution Measurement 
SNR (dB)

32 2 32 4 geometric-
based channel 

model 

Uniform 
between (0,pi) 20,40

uThe beam pattern is significantly 
improved.
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Thank you!
Q&A
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u Ambiguity

𝐘 = )1𝐍⊗𝐖(𝛀 ⊙𝚽 𝐀 𝚯 𝚪 + 𝐙 ∈ ℂ7(×5

𝚯, 𝚪,𝐖 can not be be uniquely determined

• If M𝚪, M𝐖 are solutions, so are 𝐞𝐣𝛃M𝚪, 𝐞B𝐣𝛃 M𝐖, β is a random phase
• If 𝐀 y(𝚯), M𝐖 are solutions, so are, M𝐖𝐓, 𝐓B𝟏𝐀 y(𝚯) ,

where 𝐓=diag(𝟏, 𝐞𝐣𝛂, 𝐞𝐣𝟐𝛂, … , 𝐞 𝐌B𝟏 𝛂), α is a random phase

Ambiguity do not affect hybrid beamforming

W.L.O.G, we can set 𝜔33 = 0 and 𝜃3 = 0. 
This constraints can be ignored when running the Algorithm. 
After obtaining a solution, we can simply remove the ambiguity by 𝜔$% =
(𝜔$% −𝜔33) and 𝜃* = (𝜃* − 𝜃3). 


